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I n  a recent  publicat ion H a u p t m a n  & Karle  (1953) have  
given aproposed  solution of the phase problem for centre- 
symmetr ica l  structures.  B y  expressing their  equations in 
a simpler way  we shall show t h a t  their  method  is no more 
useful t h a ~  other  direct methods  al ready in use, such as 
those due to  Harke r  & Kasper  (1948) and  Sayre (1952). 
We shall consider only the formulae given b y  H a u p t m a n  
& Kar le  for the  step-by-step determinat ion of signs for 
the space group P i .  Their  solution is of the following 
form: 

The sign of ~ h  (---- Fh/(~h)  ½ is the sign of 

where 
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The equat ion numbers  are those given b y  H a u p t m a n  
& Karle.  Equa t ion  (4.04) is, as H a u p t m a n  & Karle  
point  out,  a modified form of Sayre 's  equation,  and  the 
sign of Fh  /8 the  sign of 2:2, when  enough terms are 
included in 2:2. However  this  follows inevi tab ly  only when 
all  the  a toms are equal ;  one of us (Cochran, 1953) has  
a l ready pointed  out  t h a t  when  the a toms are unequal  
i t  is possible to have  

8{l~h} ~= 8{ h~ ' Fh'Fh-t-h')} -- 8(Z2) , 

since Eh is proport ional  to Fh.  Nevertheless we accept  
the  fact  t h a t  (4-04) will enable addi t ional  signs to be 
determined once a sufficient number of signs is known. 

Equat ions  (4-03) and  (4.06) are the only ones which 

* In a private communication, dated 23 November 1953, 
Prof. Pepinsky had informed us that he considered the 
method of Hauptman & Karle to be 'largely fallacious, and 
less useful than Harker sections', although no reasons were 
given for this conclusion. 

can be used init ial ly,  as t hey  give signs from a knowledge 
of the intensit ies alone. 

We consider a centrosymmetr ical  s t ructure  containing 
N equal point  a toms for which Z -~ 1. 

Then  

Eh = Fh/(F~)~ = Fh/;/N. 

Equa t ion  (4.03) then  amounts  to the s t a t ement  t h a t  
s(F2h) is probably  equal to s(X1), where 

or t h a t  
8 ( F 2 h  ) ~ 8 ( ~ h - - N  ) • (1) 

The symbol  ~ is used to denote 'p robably  equals ' .  
Now let us consider the Pa t t e r son  funct ion of the same 

s t ructure  of N equal point  a toms wi th  coordinates ~r~. 
There will be an  origin peak of weight  N,  N single-weight 
peaks a t  ± 2 r /  and  ½N2--N double-weight peaks a t  
± (ri--ri) .  The Fourier  coefficients of the  Pa t t e r son  func- 
t ion are the values of ~h,  and  from the above considera- 
t ions we find 

.v/2 ~v/2 
~h-~-AT-~F2h~-4 ~ ~ cos 2 ~ h . ( r i - - r j )  , 

i=l  ~=i 

there being ¼(iV~--2N) terms in the summation.  
This m a y  be rewri t ten  as 

~V/2 N/2 
F 2 h  ~ l ~ h - - N - - 4  ~ ~ COS 2 ~ h .  (ri--ri) . 

i=l~=l 

This shows that (1) is true to the extent that /~h--N 
outweighs the summat ion  terms. The correlation between 
s(F2h) and  s(F~--iV), looked a t  from this  point  of view, 
is seen to be weak, since F2h is the  difference of two 
much  larger quanti t ies ,  one of which is/~h--/V. The state-  
men t  (1) is in fact  t rue to the  ex ten t  t ha t  all peaks  in the  
Pa t te r son  funct ion can be ignored, except  the  origin peak 
and  those which arise from ~t0m~ related by the centre 
of s y m m e t r y  ! 

To es t imate  the  probabi l i ty  t h a t  re lat ion (1) is correct 
in a par t icular  instance,  we use equat ion (3.29) of Haup t -  
m a n  & Karle,  which for space group P i  gives the  prob- 
abi l i ty  t h a t  2~2h is posit ive as 

1 
P+(F2h) = ½ + ~  IF~hl(~h--N) • 

Since the dis t r ibut ion of the F ' s  is approximate ly  Gaus- 
sian, values of F2h or of F h greater  t han  3 ~/N are scarcely 
to be expected, and  thus  the  maximum value of P+(F2h) 
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will be about  ½-t-6/~/N. (The fact  t h a t  th is  probabi l i ty  
m a y  exceed un i t y  is noted  b y  Karle  & Haup tman . )  The 
point  we wish to make  is t h a t  as N increases, even the 
highest  values of P+(F2h) t end  to ½. A similar conclusion 
can be reached from the 'Pa t t e r son  funct ion '  point  of 
view which we outl ined above. I t  is easily shown t h a t  
the s i tuat ion for the de te rmina t ion  of F2h as negat ive  
is even less favourable.  

We conclude t h a t  re lat ion (1) is of value only for ve ry  
simple crys ta l  s tructures.  

At  first s ight equat ion  (4-06) looks more promising, 
since 2:4 m a y  contain a large number  of terms. I t  migh t  
appear  t h a t  a l though the indicat ion of sign given by  a 
single t e rm of 2:4 was weak, a large number  of such 
indicat ions would be s ta t is t ical ly  significant.  We shall 
therefore consider the case where Z" 4 contains an infinite 
number  of terms. 

Then, in our nota t ion,  

= 8{  

= ( F h , F h + h , - - N ~ ) } ,  
h' 

s ince  F ~  = N .  
Then,  by  (4.06), 

I t  m a y  be shown t h a t  ~ F~,,F~+ h, is the  h t h  Fourier  
11" 

coefficient of pg, the  squared Pa t te r son  function,  while 
27N 2 is the  contr ibut ion to this  coefficient of the origin 
peak  of P% We conclude t ha t  (2) is then  t rue to the ex ten t  
t h a t  all peaks in P~ m a y  be ignored except  t h a t  a t  the  
origin and  those a t  ± 2 r  i. I n  this  w a y  the correlat ion 
between s(F2h) and  2:4 is seen to be even weaker t h a n  
t h a t  between the former and  2:1. The effect of squaring 
the Pa t t e r son  funct ion is to decrease, to one quarter ,  
the  relat ive weight  of the  peaks a t  2r; compared wi th  
the peaks at  (r i--r i) .  This s i tuat ion cannot  be al tered 
by  increasing the number  of terms in 2:4. 

Equa t ion  (4.05) has  not  been considered in a n y  detai l  
bu t  i t  is clear t h a t  it, too, embodies the inherent  faul ts  
of (4"03) and  (4-06). 

I t  will also be seen tha t ,  even if a number  of signs can 
be determined for the set of indices for which h, k and  1 
are all even, the  extension to the other  sets of terms will 
be very  tenuous.  Only (4.04) remains  for th is  purpose, 
if we do not  take  the discredited (4-05) into account,  
and  we have  seen t h a t  this  is equivalent  to apply ing  the 
normal  sign relat ionship s ( h ) =  s(h')s(hq-h'). B u t  the  
only addi t ional  informat ion will be the three a rb i t ra ry  
signs which define the choice of origin. The de terminat ion  
of the nex t  sign for a coefficient for which h, k and  1 
are not  all even will depend on one sign relat ionship!  
There would then  possibly be two sign relat ionships for 
the next  sign determinat ion,  and  so on. I t  is our ex- 
perience t h a t  a t t empt s  to build a knowledge of signs on 
too narrow a base inev i tab ly  fail unless the crystal  struc- 
ture problem is a ve ry  simple one. 

We thus  conclude t h a t  the  solution of the  phase problem 
for the cent rosymmetr ica l  crystal  given by  H a u p t m a n  & 
Karle  offers no th ing  new for solving complex structures.  
While  our criticisms have  been directed to the  procedure 
suggested for space group PT, the simple 'Pa t t e r son  func- 
t ion '  in te rpre ta t ion  also shows the  weakness of t h a t  
suggested for the only other  space group considered b y  
H a u p t m a n  & Kar le  in detail ,  namely  P21/a. 

The example which t hey  have  worked out,  na~]l thalene,  
is far too obliging in m a n y  respects. The high s y m m e t r y  
gives ex t remely  large u n i t a r y  s t ructure  factors and  there 
is no doubt  t h a t  this  s t ructure  can be solved by  a number  
of previously publ ished direct methods.  
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The stat is t ical  approach to X- r ay  s t ructure  analysis  has  
been t rea ted  by  H a u p t m a n  & Karle  (1953), who derived 
a number  of formulae  for the probabil i t ies t h a t  certain 
s t ructure  factors are positive. However,  a peculiar 
s i tuat ion arises from their  analysis.  Al though their  
mathemat ica l  approach is valid, and  the formulae for the 
determining quant i t ies  2:n are correct wi thin  the limita- 
t ions of their  derivation,  the  conclusions, t ha t  a practical  
solution of the phase problem has been a t ta ined  for all 
cent rosymmetr ica l  s t ruc tures - -prov ided  a sufficient 
number  of s t ructure  factors is available cannot  be 
mainta ined.  

We have constructed more accurate dis t r ibut ion func- 
t ions using the Tables of Vand  (1953), and  have also 
formed a simpler mathemat ica l  derivat ion of the statist i-  
cal formulae. The t rue dis tr ibut ion functions yield not  

March 1954) 

only probabilit ies,  bu t  also the inequali t ies of Harke r  & 
Kasper.  The H a u p t m a n  & Karle  formulae are confirmed 
as approximat ions  when the number  of a toms is large 
and  the magni tudes  of s t ructure  factors involved are 
small. 

However,  when the formulae are applied to a s t ruc ture  
of space group P i ,  the  following difficulties arise: Only  
the equations (4.03) and (4-06), as numbered by  Haup t -  
man  & Karle,  can be used in the ini t ial  step, since these 
alone contain squares of s t ructure  factors only. For  N 
equal a toms these become 

1 
2 : I - - 4 v N ( E ~ - - I )  for h---- 2h ,  

1 
2 : 4 - - - - ~ ~ ( E ~ - - l ) ( E ~ - - l )  for h--- 2h~+2h, ,  

29* 


